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Exercise 1. Let A be a unital C*-algebra, Hy, Hy Hilbert spaces, ¢1 : A —
BL(Hy,Hy) and ¢9 : A — BL(Hs, Hy) cyclic representations. Suppose that

(p1(a)i1, 1)1 = (Pp2(a)ia, 2)o for all @ € A, where 11,19 are the cyclic
vectors in H1 and Hs respectively. Show that there exists a unitary operator

(i.e., an invertible linear isometry) W : H — K such that ¢(a) = W*(a)W
for all a € A.

5 Spectral decomposition of normal operators

Proposition 5.1 (Spectral Theorem for Normal Elements). Let A be a uni-
tal C*-algebra and a € A normal. Then, there exists an isometric embedding

of unital *-algebras ¢ : C(oa(a),C) — A such that ¢(id) = a.
Proof. Exercise. O

Of course, an important application of this is the case when A is the alge-
bra of bounded operators on some Hilbert space and a is a normal operator.

In the context of this proposition we also use the notation f(a) := ¢(f)
for f € C(oa(a),C). We use the same notation if f is defined on a larger
subset of the complex plane.

Corollary 5.2 (Continuous Spectral Mapping Theorem). Let A be a unital
C*-algebra, a € A normal and f : T — C continuous such that ca(a) C T.

Then, oa(f(a)) = f(oa(a)).
Proof. Exercise. 0

Corollary 5.3. Let A be o unital C*-algebra and a € A normal. Fur-
thermore, let f : ca(a) — C and g : f(oca(a)) — C continuous. Then

(g0 f)a) = g(f(a)).
Proof. Exercise. 0

Definition 5.4. Let A be a unital C*-algebra. If u € A is invertible and
satisifes u* = u~! we call u unitary. If p € A is self-adjoint and satisfies
p? = p we call it a projector. If a € A is positive and invertible we call it
positive definite.

Exercise. Let A be a unital C*-algebra.

1. Let u € A be unitary. What can you say about o4(u)?

2. Let p € A be a projector. Show that o4(p) C {0, 1}.

3. Let a € A be normal and 04(a) C R. Show that a is self-adjoint.

4. Let a € A be invertible. Show that there is a unitary element v € A
and a positive definite element n € A such that a = un.
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Proposition 5.5. Let A be a unital C*-algebra and a € A normal. Suppose
the spectrum of a is the disjoint union of two non-empty subsets o4(a) =
s1 U se. Then, there exist aj,ay € A normal, such that o4(a1) = s1 and
oalaz) = s2 and a = a1 + ay. Moreover, ajas = asa; = 0 and a commutes
both with a1 and as.

Proof. Exercise. O

Proposition 5.6. Let H be a Hilbert space and k € A := BL(H,H) com-
pact. Show that o 4(k) is discrete and bounded and has at most one accumu-
lation point, namely 0. If 0 is accumulation point of o o(k) then 0 € o4(k).

Proof. Exercise. Use results of Part I of the course to prove this. O

Proposition 5.7. Let A be a unital C*-algebra and k € A normal. Assume
moreover that oa(k) is discrete and has at most one accumulation point,
namely 0. Then, there exists a projector pyx € A for each A € ga(k) such
that pxpy =0 if X # X and

k= Apy and e= Z D
Ao 4 (k) A€o a (k)

Proof. Exercise. (Explain also in which sense the sums converge!) O



